Using a larger data set and more detailed analysis, we continue our examination of the zerotemperature vibrational spectrum of a glass of soft spheres by computer simulation.
I. INTRODUCTION
Although both are elastic solids, glasses and crystals of the same material exhibit strikingly different lowtemperature properties.
At temperatures below 1K, the heat capacity of an amorphous solid is significantly greater than that of the corresponding crystal and exhibits a nearly linear variation with temperature rather than the T dependence predicted by the Debye model which describes the low-temperature properties of the crystalline phase. This anomalous behavior of the glassy phase can be explained by assuming that the dominant low-frequency contribution to the density of states of the glass is due to two-level tunneling states.
This now-standard tunneling model is unable, however, to account for the anomalous behavior of the same glassy materials at intermediate temperatures between 1 and 10 K, where the heat capacity is no longer linear in T. In this region, the heat capacity, C" is still considerably larger than the crystal value and a plot of C"/Ts versus T shows a large peak that is either absent or much less pronounced in the crystal. This peak seems to be a universal phenomenon of glasses and is due to the presence at intermediate frequency of a significant fraction of low-energy In a recent letter we presented results of computer simulations that clearly showed the existence of localized low-frequency vibrational modes in a simple soft-sphere glass. Our results also showed that the neighbor shell around atoms that participate strongly in these soft localized vibrations is more compressed and contains slightly fewer atoms than the corresponding environment of an average particle. Thus, these modes can be viewed as being associated with "defects" in the glass. In this followup paper we repeat these calculations using a larger data base to give improved statistics and perform a much more detailed analysis of the microscopic origin of these modes.
The approach we follow is similar to the study by Fig. 3 for both the 500-and 1024-atom configuration sets.
The most obvious feature of this plot is the dramatic drop of the participation ratio at both the high-and lowfrequency ends of the spectrum. The drop at the high end of the spectrum is due to the usual high-frequency localized modes. We argue that the low-participation ratios at the low-frequency end of the plot are due to the presence of resonant or quasilocalized modes. One indicator of the localized nature of these modes is that, for the very lowest frequencies, the participation ratios for the 1024- atom system are about a factor of 1.4 to 2 smaller than those for the 500-atom system. The factor of about 2 expected from (4) Fig. 4 The inset is an enlargement of the lour-frequency tail of these curves.
V. STRUCTURAL ORIG IN OF SOFT LOCALIZED MODES
Some insight into the structural nature of these resonant, modes can be obtained by examining the twoparticle radial distribution function, g(r). In Fig. 8 [Z(v) oc v ] of the extended modes for v -+ 0 is suppressed due to the limited system size. The localized modes at high frequencies comprise a fraction of about 10 of the total spectrum. The fraction of low-frequency localized modes is an order of magnitude smaller. Nevertheless the resonant modes make a significant contribution to the density of states at, very low frequencies, and, thus, would be expected to profoundly aA'ect the low-temperature behavior of the glass. A resonant mode should give a slower rise. In Fig. 9 the configurational average of Ek;"(r) contained in one periodicity volume is plot;ted for p, = 0.25, p, = 0.35, and for the overall average. As predicted the average Ek;" increases as r~w hereas for the localized modes the increase is more rapid. In a sphere of, e.g. , r = 4u there is for the quasilocalized modes twice the fraction of the kinetic energy than for the average mode.
We have seen that there is a strong indication that the localized soft modes originate from some local structural differences. This should reflect itself in the dynamics of the single atoms. Let us first look at the Einstein modes of the atoms, i.e. , the vibrations of the single atoms with their neighbors at rest. Figure 10 shows the spectrum of these modes averaged over all configurations of 500 atoms each. As to be expected from the shape of the pair correlation function, the spectrum shows a broad distribution of Einstein frequencies. However, the Einstein spectrum shows no tail to either high or low frequencies. No information on the nature of the localized modes can be obtained from this spectrum.
More detailed information is contained in the local spectra of the atoms. We define the local vibrational spectrum of atom m in the standard way as central atom. Averaged over all the resonant modes, this quantity is also plotted in Fig. 8 . [ The error bars were calculated as for p (v) .] From these plots we can see that the nearest-neighbor shell is more compt'essed and less dense for the resonant-mode central atom than that for the average particle. This first-shell particle deficiency in the resonant g(r) is made up for by a small peak just outside the first peak, after which the integrated particle number (see the inset to Fig. 8 Whether this picture is true for all low-frequency modes cannot be determined with certainty at the moment since the high effective masses of these modes mean low contributions to the relevant local spectra. The pair correlation functions for both sets of atoms show the same compression of the first neighbor shell. As noted before g(r) of the centers of the resonant modes has additional intensity in the first minimum of the average g(r), Fig. 8 These lowfrequency modes are found in much lower concentrations (10 s) than their high-frequency counterparts. As is to be expected, their localization is also much weaker. The most localized modes are found to have effective masses of about 10 to 30 atomic masses. The frequencies of these modes are well below && of the maximum vibrational frequency. There is a broad distribution of effective masses. By its very nature computer simulation can only give results on the low-mass side of the distribution. The transition between localized and delocalized modes cannot be determined unambiguously due to the limited system size. There seems to be a shift of the mean effective mass with frequency but, especially at the low-frequency end, the data do not sufBce to extract the exact relation between mass and frequency. High-and low-frequency localized modes are found centered around the same atoms.
The two-particle radial distribution function, g(r), for those atoms that maximally contribute to the lowfrequency localized modes indicates a structural differ- ence to that of the average glass: the nearest-neighbor distance is reduced and about one atom is pushed from the nearest-neighbor shell into the region where the average g(r) has its first minimum. Whereas the compression of the first shell is also found for the high-frequency localized mades the latter property of g(r) is not present for these. It, therefore, might be caused by some additional feature only present in that subset of the configurations leading to high-frequency localization which also produced low-frequency localized modes.
At least partially, the width in the distribution of effective masses or participation ratios is due to clustering effects. It is well known from the studies of point defects in crystal that these tend to cluster. We have seen that the soft modes occur around atoms which have a surrounding different from the average and hence in some way constitute defects. During the time the glass is cooled down from the glass transition temperature to T = 0 K some local rearrangements (relaxations) are still passible. The high "defect" density present in our soft-sphere glass makes it plausible that the defects will agglomerate. Such agglomeration will regularly lead to an increase of the participation ratio and effective mass. That agglomeration has occurred in our simulation can be seen from the eigenvectors of the modes. The quantity Ek;"=~e (i)ĩ s the fraction of the kinetic energy of mode i on atom m, . To illustrate different possible situations we have for three typical modes plotted in Fig. 12 
